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Abstract
It is shown that the N = 1 supersymmetric quantum mechanics (SQM) can
be extended to a Zn2 -graded superalgebra. This is done by presenting quantum
mechanical models which realize, with the aid of Clifford gamma matrices, the Zn2 -
graded Poincare´ algebra in one-dimensional spacetime. Reflecting the fact that the
Z
n
2 -graded Poincare´ algebra has a number of central elements, a sequence of models
defining the Zn2 -graded version of SQM is provided for a given value of n. In a model
of the sequence, the central elements having the same Zn2 -degree are realized as
dependent or independent operators. It is observed that as use the Clifford algebra
of larger dimension, more central elements are realized as independent operators.
∗E-mail: aizawa@p.s.osakafu-u.ac.jp
1 Introduction
In the recent paper [1], Bruce and Duplij introduced a Z22-graded supersymmetric quantum
mechanics (SQM) where Z22 is an abbreviation of Z2 × Z2. It is a model of quantum
mechanical Hamiltonian H which can be factorized in two distinct ways, i.e., H = Q201 =
Q210. The difference from the standard N = 2 SQM is that two supercharges Q01 and Q10
have different degree. It means that they close in commutator, instead of anticommutator,
in a central element Z. More explicitly they satisfy the relation [Q01, Q10] = Z. Thus the
algebra spanned by H,Q01, Q10 and Z is not a superalgebra, but a Z
2
2-graded superalgebra
[2–5]. Each subset H,Q01 and H,Q10 forms a standard SQM. Thus the whole system of
the Z22-graded SQM can be regarded as a doubling of N = 1 SQM closed in a Z22-graded
superalgebra. It is elucidated in [1] that this system is different from the generalizations
of SQM found in the literature.
The Hamiltonian of Bruce and Duplij is a four by four matrix differential operator. It
is surprising (at least for the authors) that there exists a Z22-graded superalgebra behind
such a simple Hamiltonian. It is then natural to anticipate that a generalization of Z22
to Zn2 will be possible. The purpose of the present work is to demonstrate that this is
indeed the case. We present various models of Zn2 -graded SQM in the subsequent sections.
This is done by constructing a map from the standard SQM to Zn2 -graded version by the
use of the Clifford algebras of various dimensions. The present authors realized that the
Z22-graded SQM of Bruce and Duplij is obtained by a mapping from a Lie superalgebra
to a Z22-graded superalgebra by the use of the Clifford algebra Cl(2) [6]. So the results
presented in this work is a kind of generalization of [6]. The generalization is, however,
highly non-trivial problem in the following sense.
The Zn2 -graded SQM is defined as a quantum mechanical realization of the Z
n
2 -graded
extension of super-Poincare´ algebra introduced by Bruce [7] (we make a dimensional
reduction of the algebra in [7] which is defined in 4D Minkowski spacetime to 1D). Algebra
of Bruce has central elements and the number of the central elements increases rapidly as
n becomes larger (see §2.1). This allows us various possibilities of realizing the algebra.
In some realization all or a part of the central elements having the same Zn2 degree are not
independent and in other realization all the central elements are linearly independent.
The present work is motivated by recent renewed interest in Zn2 -graded superalgebras.
They are also referred to as color superalgebras in the literature. However, these termi-
nologies are bit confusing and misleading because the algebras under consideration is, in
mathematically more standard terminology, a graded Lie algebra by an abelian group.
What makes the situation difficult is the fact that even fixing a group for grading possible
graded Lie algebras are not unique [3, 4]. We shall follow the terminology “Zn2 -graded
superalgebras”, but simply say “Zn2 -graded Poincare´ algebra” for Z
n
2 -graded version of
supersymmetry algebra of [7].
Mathematical interests of Zn2 -graded superalgebras have been kept since their intro-
duction and algebraic and geometric aspects and ‘higher graded’ version of supermanifolds
have been continuously studied till today. Readers may refer the references, e.g. in [7,8].
On the other hand, physical implication of Zn2 -graded superalgebras is not clear even
today. There exist some early works discussing on possible connection between Zn2 -graded
superalgebras and various physical problems such as supergravity, string theory, quasispin
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formalism and so on [9–15]. Recently, Zn2 -graded superalgebras started appearing again in
physics literatures. We mention the works on modifying the spacetime symmetry [7, 16]
and works in connection with parastatistics [17,18]. It is also remarkable that Z22-graded
superalgebras appear as symmetries of partial differential equations. A very interesting
and physically important example is that symmetries of wave equations of nonrelativistic
quantum mechanics for fermions are given by a Z22-graded extension of the Schro¨dinger
algebra [19, 20]. Furthermore, it is suggested in [21] that mixed symmetry tensors over
Zn2 -graded manifolds will have some connection to the double field theory since Z
n
2 -graded
manifolds contain commuting fermions.
These works suggest that there exist more places in physics where Zn2 -graded superal-
gebras play significant roles. The results of the present work, which show simple matrix
differential operators have dynamical Zn2 -graded symmetry, will give an another example
of an intimate relation between physics and Zn2 -graded superalgebras.
The plan of this paper is as follows: §2 is a preliminary section where we collect basics
used in the present work. The definition of the Zn2 -graded Poincare´ algebra and complex
representations of the Clifford algebra Cl(2n) are given. We start presenting models of
Zn2 -graded SQM from §3. We discuss a model of minimal dimension which is obtained
by using Cl(2(n − 1)) in §3. In this model all the central elements having the same Zn2
degree are not independent. We also examine the spectrum of the Hamiltonian. In §4,
a model constructed by making use of Cl(2n) is presented in which degeneracy of the
central elements is partially resolved. The model presented in §5 is of maximal dimension
in the sense that sequential action of any supercharges on a given state always produce
a new (i.e., independent) state. In §6, we discuss the existence of a sequence of models
from the minimal to the maximal dimensions by presenting n = 4, 5 as examples. We
summarize the results and give some remarks in §7.
2 Preliminaries
2.1 Zn2-graded Poincare´ algebra in one-dimension
In [7], the super-Poincare´ algebra in 4D Minkowski spacetime is generalized to Zn2 -graded
setting. By reducing the spacetime dimension to one, we have a Zn2 -graded version of
supersymmetry algebra (Zn2 -graded Poincare´ algebra for short) which gives a basis of
Zn2 -graded version of SQM. In this section, we review the Z
n
2 -graded Poincare´ algebra of
N = 1. The algebra is denoted simply by g(n).
Let a = (a1, a2, . . . , an) ∈ Zn2 and define the parity of a by p(a) =
n∑
k=1
ak (mod 2).
The Zn2 -graded Poincare´ algebra g(n) is spanned by the time translation (Hamiltonian)
H, supercharges Qa and central elements Zab. We assign the Z
n
2 degree to the elements
of g(n) as follows:
deg(H) = (0, 0, . . . , 0), deg(Qa) = a, p(a) = 1,
deg(Zab) = a + b 6= (0, . . . , 0), a 6= b, p(a+ b) = 0. (2.1)
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All supercharges have parity 1 and all central elements have parity 0. The defining
relations of g(n) are given by the Zn2 -graded bracket J·, ·K : g(n) × g(n) → g(n) with the
symmetry property
JXa, YbK = −(−1)a·bJYb, XaK (2.2)
where a · b is the inner product of two n-dimensional vectors a and b :
a · b =
n∑
j=1
ajbj mod 2 (2.3)
We remark that a·b is computed in mod 2 throughout this article. The Zn2 -graded bracket
is realized by commutator or anticommutator
JXa, YbK = XaYb − (−1)a·bYbXa, (2.4)
With the Zn2 -graded bracket, the non-vanishing relations of g(n) are summarized in a
single expression:
JQa, QbK = 2δa,bH + 2i
1−a·b Zab (2.5)
where δa,b =
∏
δaj ,bj . We note that
Zab = −(−1)a·bZba for a 6= b, Zaa = 0. (2.6)
The order of the abelian group Zn2 is given by |Zn2 | = 2n. The number of parity 0
elements is equal to that of parity 1 elements and it is 2n−1. The algebra g(n) is a direct
sum (as a vector space) of 2n subspaces and each of them is labelled by an element
of Zn2 : g(n) =
⊕
a∈Zn
2
g(n)a. The subspace g(n)a of p(a) = 1 is spanned by only one
supercharge Qa (this is the reason why we refer g(n) to as N = 1) so that total number of
supercharges is 2n−1. The Hamiltonian H spans the one-dimensional subspace g(n)(0,0,...,0)
and Zab spans the other subspaces of parity 0. From (2.5) we see that the total number
of the central elements is equal to the number of combinations taking two from 2n−1, that
is, 2n−2(2n−1 − 1). The value of this number increases rapidly as the grading group Zn2
becomes larger, i.e., n goes bigger. Thus the subspaces spanned by the central elements
are, in general, not one-dimensional. The dimension of the subspaces is 2n−2 which is
obtained by dividing the total number of central elements by the number of subspaces of
parity 0 except g(n)(0,0,...,0).We present some examples of the total number of supercharges
#(Q), central elements #(Z) and the dimension dim(Z) of the subspace spanned by the
central elements:
n 2 3 4 5 6 7 8 9 10
#(Q) 2 4 8 16 32 64 128 256 512
#(Z) 1 6 28 120 496 2016 8128 32640 130816
dim(Z) 1 2 4 8 16 32 64 128 256
To show the structure of g(n) more clearly, we take g(3) as an example. The Z32-graded
Poincare´ algebra g(3) has four supercharges Q100, Q010, Q001, Q111 and six central elements
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which span parity 0 subspaces:
g(3)(1,1,0) = 〈 Z100,010, Z001,111 〉,
g(3)(1,0,1) = 〈 Z100,001, Z010,111 〉,
g(3)(0,1,1) = 〈 Z010,001, Z100,111 〉. (2.7)
where the notation of a ∈ Z32 attached to the elements of g(3) is changed slightly for better
readablity. The defining relations of g(3) are summarized below. They are indicated by
the commutator [·, ·] and the anticommutator {·, ·}.
For a, b ∈ { (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 1) }
{Qa, Qa} = 2H, [H,Qa] = [H,Zab] = 0, (2.8)
and for a, b ∈ { (1, 0, 0), (0, 1, 0), (0, 0, 1) }
[Qa, Qb] = 2iZab, {Qa, Q111} = 2Za,111. (2.9)
The centrality of Zab means that the following commutators/anticommutators vanish
identically. For simplicity, notations such as g110 := g(3)(1,1,0) are used for the subspaces
in (2.7)
{Q100, g110}, {Q100, g101}, [Q100, g011],
{Q010, g110}, {Q010, g011}, [Q010, g101],
{Q001, g101}, {Q001, g011}, [Q001, g110],
[Q111, ga], a = 110, 101, 011
[g110, g110], {g110, g101}, {g110, g011},
[g101, g101], {g101, g011}, [g011, g011]. (2.10)
2.2 Zn2-graded SQM as representations of Z
n
2-graded Poincare´
algebra
The Zn2 -graded SQM is a quantum mechanical realization of g(n) introduced in §2.1. It
means that we introduce a Hilbert space having Zn2 -grading structure
H =
⊕
a∈Zn
2
Ha (2.11)
and the elements of g(n) are realized as matrix differential operators acting on H . The
supercharges are first order differential operators and H is a diagonal matrix whose entries
have the form of quantum mechanical Hamiltonian (2nd order differential operator). As
the Hilbert space H consists of |Zn2 | = 2n subspaces, the minimal size of the matrix
differential operators should be 2n.
In the subsequent sections we show the existence of Zn2 -graded SQM given by various
sizes of matrix differential operators. We refer the size of matrix to as dimension of Zn2 -
graded SQM. Our method constructing the Zn2 -graded SQM is to find a mapping from the
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ordinary SQM to Zn2 -graded counterpart. This is done by using the Clifford algebra and
the choice of different Clifford algebra produces Zn2 -graded SQM of different dimension.
One may find various mappings from Lie superalgebras to Zn2 -graded superalgebras in
literature [3–6, 22] which also using the Clifford algebras (especially mappings giving Z22-
graded superalgebras). The mappings presented in the present work are novel ones which
are suitable to consider quantum mechanical realization.
Now we recall the building blocks of our construction, i.e., N = 1 SQM and irreducible
representations of the Clifford algebra Cl(2n). The N = 1 SQM is given by 2× 2 matrix
differential operators:
Q =
1√
2
(σ2p+ σ1W (x)), H =
1
2
(p2 +W (x)2)I2 − 1
2
W ′(x)σ3 (2.12)
where p = −i∂x and W ′ = dW (x)dx . The symbols σi and Im denote the Pauli matrix and
the m×m identity matrix, respectively. The operators are chosen to be hermitian. They
satisfy the relations:
{Q,Q} = 2H, [H,Q] = 0 (2.13)
which are the defining relations of supersymmetry algebra (or Z2-graded Poincare´ algebra)
in one dimension. We also use the following expressions of (2.12)
Q =
(
0 A†
A 0
)
, H =
(
A†A 0
0 AA†
)
(2.14)
where
A =
1√
2
(ip+W (x)), A† =
1√
2
(−ip+W (x)). (2.15)
The Clifford algebra Cl(2n) is generated by γj (j = 1, 2, . . . , 2n) subject to the condi-
tions
{γj, γk} = 2δjk. (2.16)
The hermitian complex irreducible representation of Cl(2n) is 2n dimensional and given
explicitly as follows [23, 24]:
γ1 = σ
⊗n
1 , γj = σ
⊗(n−j+1)
1 ⊗ σ3 ⊗ I⊗(j−2)2 , 2 ≤ j ≤ n,
γ˜j := γj+n = σ
⊗(n−j)
1 ⊗ σ2 ⊗ I⊗(j−1)2 , 1 ≤ j ≤ n (2.17)
Note that γj and γ˜j have non-zero entries at the same position in a 2
n × 2n matrix. The
product iγjγ˜j is diagonal, hermitian and idempotent:
iγ1γ˜1 = −I⊗(n−1)2 ⊗ σ3,
iγjγ˜j = −I⊗(n−j)2 ⊗ σ3 ⊗ σ3 ⊗ I(j−2)2 , 2 ≤ j ≤ n
(iγj γ˜j)
† = iγj γ˜j, (iγjγ˜j)
2 = I2n, 1 ≤ j ≤ n (2.18)
Furthermore, it is easy to see the relations
{γj, iγjγ˜j} = [γj, iγkγ˜k] = [iγjγ˜j, iγkγ˜k] = 0, j 6= k (2.19)
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These relations will be used to construct models of the Zn2 -graded SQM.
Before giving the models of Zn2 -graded SQM, we point out a similarity to the standard
SQM. In the quantum mechanical realization of g(n), the supercharge Qa is realized as a
hermitian operator and it factorizes the Hamiltonian: H = Q2
a
. Thus one may repeat the
same discussion as the standard SQM and see the following (see e.g. [25, 26]):
Proposition 1. In any models of the Zn2 -graded SQM, any eigenvalue E of the Hamilto-
nian H is positive semi-definite E ≥ 0.
3 Minimal dimensional Zn2-graded SQM by Cl(2(n−1))
Let us consider the Clifford algebra Cl(2(n − 1)) whose representation (2.17) is 2n−1
dimensional.
Proposition 2. Define the 2n dimensional matrix differential operators H,Qa, Zab (a 6=
b) by
H = I2n−1 ⊗ H, Qa =
{
Xa ⊗ iQσ3, an = 0
Xa ⊗ Q, an = 1
,
Zab =
{
(−i)1−a·bXaXb ⊗ H, an = bn
(−1)bn ia·bXaXb ⊗ Hσ3, an 6= bn
(3.1)
where
Xa = i
h(a)γa11 γ
a2
2 · · · γan−1n−1 , h(a) =
n−2∑
j=1
n−1∑
k=j+1
ajak. (3.2)
Then the matrix differential operators realize the relations (2.5) of g(n). Thus they give a
2n dimensional Zn2 -graded SQM.
Proof. One may verify the relations in (2.5) by direct computation using the properties
of Xa. First, note that Xa is hermitian and idempotent:
X†
a
= Xa, X
2
a
= I2n−1 . (3.3)
It is then immediate to see, noting (iQσ3)
2 = Q2 = H, that Q2
a
= X2
a
⊗ H = H for any
supercharges. Thus we have verified that {Qa, Qa} = 2H and [H,Qa] = 0.
Next, we show the relation:
JQa, QbK = 2i
1−a·bZab, a 6= b (3.4)
To this end, four separate cases should be considered:
a · b = 0 ⇒ JQa, QbK = [Qa, Qb] =


[Xa, Xb]⊗ H an = bn
−i{Xa, Xb} ⊗ Hσ3, an = 0, bn = 1
a · b = 1 ⇒ JQa, QbK = {Qa, Qb} =


{Xa, Xb} ⊗ H an = bn
−i[Xa, Xb]⊗ Hσ3, an = 0, bn = 1
(3.5)
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We are able to choose an = 0, bn = 1 without loss of generality since the alternate choice
cause only the overall sign change. The relation (3.4) is a direct consequence of the fact
that if a 6= b, then Xa commutes or anticommutes with Xb :
[Xa, Xb] = 0 if
{
(i) a · b = 0, an 6= bn
(ii) a · b = 1, an = bn
{Xa, Xb} = 0 if
{
(iii) a · b = 0, an = bn
(iv) a · b = 1, an 6= bn
(3.6)
The relation (3.6) is verified in the following way. One may write Xa = X
′
a
Y and Xb =
X ′
b
Y where Y denotes the product of γ’s common to Xa and Xb.
a) an 6= bn. This means that one of an, bn is 0 and the another is 1. For clarity, we consider
the case an = 0, bn = 1. Then Xa is a product of an odd number of γ’s while Xb is a
product of an even number of γ’s. Note that a ·b =∑n−1j=1 ajbj is a summation up to n−1
(not up to n) as anbn = 0. Thus a ·b = 0 implies that Y is a product of even number of γ’s
so that Y commutes with X ′
a
and X ′
b
. Furthermore, X ′
a
and X ′
b
are a product of odd and
even number of γ’s, respectively. Thus we see [X ′
a
, X ′
b
] = 0. These observations conclude
that [Xa, Xb] = 0. The case an = 1, bn = 0 is treated in the same way and the case (i) has
been verified. When a · b = 1, Y is a product of odd number of γ’s so that X ′
a
and X ′
b
are a product of even and odd number of γ’s, respectively. Thus [X ′
a
, Y ] = {X ′
b
, Y } = 0
and [X ′
a
, X ′
b
] = 0. It follows the case (iv).
b) an = bn = 0. For this value of an, bn, Xa and Xb are a product of an odd number of γ’s.
Because of the reason same as the case a), Y,X ′
a
and X ′
b
consist of the following number
of γ’s:
a · b Y X ′
a
, X ′
b
0 even odd
1 odd even
Therefore, a · b = 0 implies that [X ′
a
, Y ] = [X ′
b
, Y ] = 0 and {X ′
a
, X ′
b
} = 0. If follows
that {Xa, Xb} = 0. While, a · b = 1 implies that Y,X ′a, X ′b commute each other so that
[Xa, Xb] = 0.
c) an = bn = 1. For this value of an, bn, Xa and Xb are a product of an even number of
γ’s. Noting that a · b = ∑n−1j=1 ajbj + 1, one may see that Y,X ′a and X ′b consist of the
following number of γ’s:
a · b Y X ′
a
, X ′
b
0 odd odd
1 even even
Therefore, a ·b = 0 implies that Y,X ′
a
, X ′
b
anticommute each other so that {Xa, Xb} = 0.
While, a · b = 1 implies that Y,X ′
a
, X ′
b
commute each other so that [Xa, Xb] = 0.
Thus the cases b) and c) have verified the cases (ii) and (iii).
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Finally, we need to show the centrality of Zab. To this end, it is sufficient to show
that JZab, QcK = 0 since JZab, ZcdK = JZab, HK = 0 follows immediately from (3.4). Using
[H, σ3] = {Q, σ3} = 0, one may see that if an = bn then
JZab, QcK = JXaXb, XcK⊗ HQσ1−an3 (3.7)
and if an 6= bn then
[Zab, Qc] = {XaXb, Xc} ⊗ HQσan3 ,
{Zab, Qc} = [XaXb, Xc]⊗ HQσan3 (3.8)
where we have dropped the irrelevant numerical factors. Now we show that JXaXb, XcK =
0 holds true identically.
a) an = bn and (a+ b) · c = 0. In this case a · c = b · c.
If the both inner product is equal to 0, one may use (iii) of (3.6) then we see that
[XaXb, Xc] = Xa{Xb, Xc} − {Xa, Xc}Xb = 0. (3.9)
If the both inner product is equal to 1, one may use (ii) of (3.6)
[XaXb, Xc] = Xa[Xb, Xc] + [Xa, Xc]Xb = 0. (3.10)
b) an = bn and (a+ b) · c = 1. There are two subcases.
If a · c = 0 and b · c = 1, then because of (ii) (iii) of (3.6) we have
{XaXb, Xc} = Xa[Xb, Xc] + {Xa, Xc}Xb = 0. (3.11)
If a · c = 1 and b · c = 0, then similarly
{XaXb, Xc} = Xa{Xb, Xc} − [Xa, Xc]Xb = 0. (3.12)
c) an 6= bn. Repeating the computations similar to a) and b), but using (i) (iv) of (3.6),
one may easily see JXaXb, XcK = 0.
This completes the proof.
Remark 1. In the representation (3.1), all the central elements belonging to a given
subspace g(n)a differ only by a constant multiple, so dim g(n)a = 1. This is readily seen by
noting that XaXb ∼ γa1+b11 γa2+b22 · · · γan−1+bn−1n−1 where ∼ denotes equality up to a constant
multiple (we use this notation throughout this article). It follows that XaXb ∼ XcXd if
a+ b = c+ d which shows that the central elements in g(n)a+b differ only by a constant
multiple.
The operators in (3.1) act on the Hilbert space H = L2(I)⊗ C2n where I ⊂ R is an
open interval of R determined by the choice of potential. The action of Qa and Zab on the
subspace Ha defines a mapping form one subspace to another with different Z
n
2 -grading:
QaHb ⊂ Ha+b, ZabHc ⊂ Ha+b+c. (3.13)
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Let us investigate the spectrum of the Hamiltonian H. The zero energy ground state
Ψ0(x) ∈ H is defined as the state annihilated by all supercharges: QaΨ0(x) = 0 for all
a of parity 1. The action of any supercharge on Ψ0(x) yields the same conditions. To see
this, we divide 2n components of Ψ0(x) into two groups as follows:
Ψ0(x) = (ψ1(x), ϕ1(x), ψ2(x), ϕ2(x), . . . , ψ2n−1(x), ϕ2n−1(x))
T (3.14)
Members of one of the groups is denoted by ψi and of the other group by ϕi. Because of
the form of Qa in (3.1), QaΨ0(x) consists of the action of Q or Qσ3 on a pair (ψi(x), ϕi(x)).
Recalling the form of Q given in (2.14), we see that this action gives the relations:
Aψi(x) = 0, A
†ϕi(x) = 0. (3.15)
If H = L2(R)⊗C2n , it is known that ψi(x) and ϕi(x) satisfying (3.15) are not normalizable
simultaneously [25, 26]. Thus, only one of the sets { ψi(x) }, { ϕi(x) } is normalizable,
or both sets are not normalizable. If the set { ψi(x) } is normalizable, then Ψ0(x) =
(ψ1(x), 0, ψ2(x), 0, . . . , ψ2n−1(x), 0)
T ≡ Ψ(1)0 gives the ground state. While, if the other set
{ ϕi(x) } is normalizable, then Ψ0(x) = (0, ϕ1(x), 0, ϕ2(x), . . . , 0, ϕ2n−1(x))T ≡ Ψ(2)0 gives
the ground state. Obviously, Ψ
(1)
0 and Ψ
(2)
0 belong to the different subspaces of H . In
this way, we have proved the following:
Proposition 3. The zero energy state of H in (3.1) is either non-existent or 2n−1 fold
degenerate. The degenerate wave function is given by Ψ
(1)
0 or Ψ
(2)
0 .
On the excited states, one may see the following:
Proposition 4. The excited states of H in (3.1) are 2n fold degenerate.
Proof. Let 0 = (0, 0, . . . , 0) ∈ Zn2 and
Hψ0(x) = Eψ0(x), E > 0, ψ0(x) ∈ H0 (3.16)
where ψ0(x) is the 2
n components vector of the form ψ0(x) = (ψ(x), 0, . . . , 0)
T . It follows
from [H,Qa] = [H,Zab] = 0 that the states Qaψ0 ∈ Ha and Zabψ0 ∈ Ha+b are also
eigenfunctions of H of the same energy E.
From (3.1) QaQb ∼ Zab which implies that it is enough to consider the action of
supercharges on ψ0 to study the degenerate states. The operator Xa in (3.2) is a product
of gamma matrices, especially
X10...0 ∼ γ1, X010...0 ∼ γ2, X0010...0 ∼ γ3, . . . , X0...010 ∼ γn−1. (3.17)
These are a set of generators of the Clifford algebra Cl(n − 1) (note that any γ˜j does
not appear in Xa). Note also that X0...01 ∼ I2n−1 . It follows that the set of supercharges
Λ := { Q10...0, Q010...0, . . . , Q0...010 } together with Q0...01 generate all supercharges and
their product. A product of an odd number of these supercharge gives an another super-
charge and a product of an even number of them gives a central element. The number
of independent operators generated by Λ is 2n−1. These operators produce, by the mul-
tiplication of Q0...01, another 2
n−1 independent operators. Therefore total number of the
linearly independent operators obtained as a product of supercharges is 2n. These oper-
ators produce degenerate states when acting on ψ0(x) so that the excited states are 2
n
fold degenerate.
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As is already pointed out, in this model of Zn2 -graded SQM all the central elements in
each parity even subspace g(n)a are realized as an essentially the same operator. In order
to have models (representations of g(n)) which have no or less degeneracy of the central
elements, we will use the Clifford algebras of larger dimension in the subsequent sections.
4 2n+1 dimensional Zn2-graded SQM by Cl(2n)
In this section a 2n+1 dimensional Zn2 -graded SQM is constructed by the use of Clifford
algebra Cl(2n). The gamma matrices (2.17) of Cl(2n) are 2n dimension. We write 1 =
(1, 1, . . . , 1) ∈ Zn2 and we remark that Q1 exists only when n is odd.
Proposition 5. Define the following 2n+1 dimensional matrix differential operators:
H = I2n ⊗ H, Qa = Ya ⊗ Q, Zab = (−i)1−a·bYaYb ⊗ H, (4.1)
Q1 = I2n ⊗ Q, Za1 = Z1a = Ya ⊗ H (4.2)
where a, b 6= 1, a 6= b and
Ya = i
h(a)γa11 γ
a2
2 · · · γann , h(a) =
n−1∑
j=1
n∑
k=j+1
ajak. (4.3)
Then the matrix operators realize the relations (2.5) of g(n). Thus they give a 2n+1 di-
mensional Zn2 -graded SQM.
Note that the operators in (4.2) do not exist for even n.
Proof. The proof is rather simple. First, note that
Y †
a
= Ya, (Ya)
2 = I2n. (4.4)
It follows immediately that Q2
a
= Q2
1
= I2n ⊗ H = H. All Ya is a product of odd number
of γ’s. If a · b = 0 (resp. 1), then the number of gamma matrices common to Ya and Yb
is even (resp. odd). Thus we have
a · b = 0 ⇒ {Ya, Yb} = 0, a · b = 1 ⇒ [Ya, Yb] = 0. (4.5)
It then follows
JQa, QbK = JYa, YbK⊗ H = 2YaYb ⊗ H = 2i1−a·bZab. (4.6)
When n is odd, because of a · 1 = 1
JQa, Q1K = {Qa, Q1} = 2Ya ⊗ H = 2Za1. (4.7)
Next, we show that Zab and Za1 have vanishing Z
n
2 -graded bracket with all super-
charges which implies the centrality of Z’s. The bracket with Q1 is computed easily:
JZab, Q1K = [Zab, Q1] ∼ [YaYb, I2n ]⊗ HQ = 0 (4.8)
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and we see that JZa1, Q1K = [Za1, Q1] = 0 in a similar way. The bracket with Qc, c 6= 1 is
computed as follows: It is also easy to see from (4.5) that JZa1, QbK = JYa, YbK⊗HQ = 0,
since (a + 1) · b = a · b + 1 implies that if (a + 1) · b = 0 (resp. 1), then a · b = 1
(resp. 0). For a, b 6= 1, JZab, QcK = JYaYb, YcK ⊗ HQ = 0 is proved also by (4.5). When
(a+b) ·c = 0, we have a ·c = b ·c and JYaYb, YcK = [YaYb, Yc]. If a ·c = 0, then we expand
the commutator into anticommutators as (3.9). If a ·c = 1, then we employ the expansion
like (3.10). This shows that [YaYb, Yc] = 0. When (a + b) · c = 1, we have a · c 6= b · c
and JYaYb, YcK = {YaYb, Yc}. Expansion such as (3.11) and (3.12) shows {YaYb, Yc} = 0.
Thus the centrality of Zab and Za1 has been proved and this completes the proof.
Remark 2. For even n, each subspace of g(n) spanned by the central elements consists
only of the central elements in (4.1), i.e., Zab with a, b 6= 1. While, for odd n, each
subspace spanned by the central elements consist of the central elements in both (4.1) and
(4.2), i.e., Zab and Za1.
Remark 3. By the same way as Remark 1, one may see that if a+ b = c+ d and none
of a, b, c,d are equal to 1, then Zab ∼ Zcd. While even if a + b = c + 1 Zab and Zc1
are linearly independent, since Zab ∼ γa1+b11 · · · γan+bnn ⊗ H and Zc1 ∼ γc11 · · · γcnn ⊗ H and
an + bn = cn + 1.
From Remarks 2, 3 we see the followings: in the model of Zn2 -graded SQM of Propo-
sition 5 with odd n, the degeneracy of central elements in each subspaces is resolved
partially. However, the situation is the same as Proposition 2 for even n, namely, all
central elements in each subspace are realized as an essentially same operator.
With this knowledge of the central element, we now investigate the spectrum of H in
(4.1). The Hilbert space of this model is taken to be H = L2(R)⊗C2n+1 .We shall see that
the representation of g(n) in Proposition 5 is not irreducible for even n but irreducible
for odd n.
Proposition 6. The zero energy state of H in (4.1) is either non-existent or 2n fold
degenerate. While the excited states are 2n+1 fold degenerate. If n is even (resp. odd)
then the eigenspace VE for a fixed energy E > 0 is a reducible (resp. irreducible) space as
a representation space of g(n). When n is even, the eigenspace VE is a direct sum of two
irreducible spaces each of which is 2n dimensional.
Proof. The zero energy states are defined by QaΨ0(x) = Q1Ψ0(x) = 0. Thus one may
repeat the discussion same as Proposition 3 to prove the first part of the proposition.
To discuss the excited states, we pick up two specific excited states of the same energy
from the Hilbert space H . They are given by 2n+1 components vectors as follows:
ψ
(1)
0
(x) = (ψ(x), 0, . . . , 0)T , ψ
(2)
0
(x) = (0, ϕ(x), 0, . . . , 0)T , (4.9)
Hψ
(a)
0
= Eψ
(a)
0
, E > 0 (4.10)
We assume that these vectors have Zn2 degree 0 = (0, 0, . . . , 0) for the sake of simplicity
(this choice is not essential to prove the Proposition 6). If there exists an operator A12
mapping ψ
(1)
0
to ψ
(2)
0
, then A12 is realized in H by a 2
n+1 × 2n+1 matrix having a non-
vanishing entry at (2, 1) position. On the other hand, an operator A21 mapping ψ
(2)
0
to
11
ψ
(1)
0
should be realized as a 2n+1 × 2n+1 matrix having a non-vanishing entry at (1, 2)
position.
First, let us show that if n is even, then the realization of g(n) given by Proposition 6
does not have operators corresponding to A12 and A21. The operators A12 and A21 are, if
any, given by a tensor product of an element of Cl(2n) and a 2×2 matrix operator which
is diagonal (H) or antidiagonal (Q,HQ). Therefore, the possibility is unique. A12 and A21
should be a tensor product of an element of Cl(2n) having non-vanishing entry at (1, 1)
position and an antidiagonal matrix operator.
Recall our representation of Cl(2n) in (2.17) which is given by a n times tensor product
of Pauli matrices so that to have a non-vanishing (1, 1) entry it must be a tensor product
of σ3 and I2, i.e., a diagonal matrix. The operator Ya in (4.1) is a product of γ’s and
γ˜’s do not appear so that any product of Ya can not be diagonal. Thus any product of
Qa, Zab in (4.1) is not able to be A12 nor A21. This proves the non-existent of A12, A21 for
even n. On the other hand, for odd n one may take Q1 as A12 or A21 since it it a tensor
product of the identity matrix and Q.
With this observation in our mind, let us next consider the excited states for even
n where we have operators only in (4.1). One may repeat the discussion similar to
Proposition 4. From (4.1) QaQb ∼ Zab so that it is enough to consider the action of
supercharges. By definition of Ya in (4.3)
Y10...0 ∼ γ1, Y010...0 ∼ γ2, . . . , Y0...01 ∼ γn (4.11)
and these matrices generate the Clifford algebra Cl(n). This implies that the set of super-
charges Λ′ := { Q10...0, Q010...0, . . . , Q0...01 } generates all supercharges and their product.
The number of independent operators generated by the set Λ′ is 2n. Action of the 2n oper-
ators on ψ
(1)
0
produces a set of degenerate states which span an eigenspace V
(1)
E of H with
the energy E. The action of the 2n operators on ψ
(2)
0
produces a set of another degenerate
states which span the another eigenspace V
(2)
E of H with the same energy E. Thus the
eigenspace with the energy E is given by VE = V
(1)
E ⊗V (2)E ⊂ H and dim VE = 2n+1 which
gives the degeneracy of the excited states.
As shown above there is no operator connecting ψ
(1)
0
and ψ
(2)
0
so that each eigenspace
V
(1)
E , V
(2)
E is invariant under the action of g(n). By repeated action of supercharges an
element belonging to any subspace Ha is obtained. Thus the space V
(1)
E and V
(2)
E are
irreducible.
Finally, we look at the case of odd n. This case is rather simple, since we have the
operators in (4.2) in addition to those in (4.1). Q1 connects ψ
(1)
0
and ψ
(2)
0
so that one
may consider only one of them, say, ψ
(1)
0
. The set of supercharges Λ′ together with Q1
generates all supercharges and their product. The total number of independent operators
generated by Λ′ and Q1 is 2
n+1. These 2n+1 operators act on ψ
(1)
0
and generate 2n+1
degenerate states. Obviously, the eigenspace of H with a fixed energy created in this way
is irreducible representation space of g(n). This completes the proof.
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5 Maximal dimensional Zn2-graded SQM by Cl(2
n− 2)
In §3 and §4, we provided the models of Zn2 -graded SQM where the central elements
having the same Zn2 degree are not linearly independent. We discuss, in this section, a
model of Zn2 -graded SQM where all the central element sharing the common Z
n
2 degree
is linearly independent. Such a model is achieved if any product of supercharges maps
ψ0(x) to an inequivalent state. The simplest way to construct such a model would be the
use of Cl(2n− 2) since the number of the supercharges is equal to the number of γ’s plus
identity.
To build a model, we introduce an ordering of supercharges. First, we make a choice
of ordering for parity odd (p(a) = 1) elements a ∈ Zn2 . One may choose, for instance, the
lexicographic ordering, reverse lexicographic one and so on. In fact, choice of the ordering
is irrelevant for model building. Let us denote the ordered parity 1 elements of Zn2 as
a1, a2, . . . , aM−1, aM , M := 2
n−1 (5.1)
One should not confuse ai with the ith component ai of an element a of Z
n
2 . The ordering
(5.1) is reflected in an ordering of supercharges.
Proposition 7. Define 2M dimensional matrix differential operators by
H = I2M−1 ⊗ H,
Qk := Qak = Gk ⊗ Q,
Zkℓ := Zakaℓ = (−i)1−ak ·aℓGkGℓ ⊗ H (5.2)
where k, ℓ ∈ {1, 2, . . . ,M} and
G1 := γ1, Gm :=
m−1∏
j=1
(iγjγ˜j)
aj ·amγm, GM :=
M−1∏
j=1
(iγjγ˜j)
1−aj ·aM (5.3)
with m = 2, 3, . . . ,M −1. Then the matrix differential operators realize the relations (2.5)
of g(n). Thus they give a 2M dimensional Zn2 -graded SQM.
Proof. The proof is almost same as Proposition 5. From (2.18) and (2.19) it is easy to
see the relations
G
†
k = Gk, G
2
k = I2M−1 . (5.4)
It follows immediately that Q2k = H for any k.
We have the relations similar to (4.5):
ak · aℓ = 0 ⇒ {Gk, Gℓ} = 0, ak · aℓ = 1 ⇒ [Gk, Gℓ] = 0. (5.5)
To verify (5.5), one may assume that k < ℓ without loss of generality. First, we consider
the case ak · aℓ = 0. If ℓ < M, then Gℓ does not have the factor iγkγ˜k. By definition, Gℓ
does not have the factor iγℓγ˜ℓ, either. It follows from {γk, γℓ} = 0 that {Gk, Gℓ} = 0.
While, if ℓ =M, then GM has the factor iγkγ˜k. As γk anticommutes with this factor, thus
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we have {Gk, GM} = 0. One may verify the case ak · aℓ = 1 in a similar way. Using (5.5)
the Zn2 -graded bracket for supercharges given by (5.2) is computed as follows:
JQk, QℓK = JGk, GℓK⊗ H = 2GkGℓ ⊗ H = 2i1−ak·aℓZkℓ. (5.6)
The centrality of Zkℓ stems also from (5.5). By (5.2), we have JZkℓ, QmK ∼ JGkGℓ, GmK⊗
HQ. The identity JGkGℓ, GmK = 0 is easily seen, by (5.5), in the same way as Proposition
5. This completes the proof.
Remark 4. All the central elements Zkℓ are linearly independent. This is readily seen
noticing that Zkℓ ∼ QkQℓ ∼ GkGℓ⊗H. Since iγjγ˜j is a diagonal matrix in the representa-
tion (2.17), the position of non-zero entries in GkGℓ is determined by γkγℓ. Thus Zkℓ can
not share the position of non-zero entries with Zts so that they are linearly independent.
Now let us study the spectrum of H in (5.2). The Hilbert space of this model is
taken to be H = L2(R) ⊗ C2M . The ground state Ψ0(x) is defined by QaΨ0(x) = 0 for
all possible a. Thus one may repeat the same discussion as Proposition 3 and see that
the ground states are, if any, 2M−1 fold degenerate. The degeneracy of the excited states
can be understood in a way similar to Propositions 4 and 6. Namely, we consider the
algebra whose elements are a product of supercharges. In the realization (5.2), the set of
all supercharges is a generator of the algebra (compare with Proposition 4 and 6 where a
subset of supercharges generates the corresponding algebra). This is seen by noting that
Gk (1 ≤ k ≤ M − 1) is a product of a diagonal matrix and γk, while GM is a diagonal
matrix. This implies that the set { G1, G2, . . . , GM−1 } can be a set of generators of an
algebra which is similar to Cl(M − 1). The difference from Cl(M − 1) is the presence of
commuting pairs of G’s.
Thus any supercharge should be taken as a generator. The number of supercharges is
M so that the algebra generated by all supercharges is 2M . Let ψ0(x) = (ψ(x), 0, . . . , 0)
T ∈
H0 be an excited state wave function. Then the 2
M states
ψ0, Qkψ0, QkQℓψ0, QkQℓQmψ0, . . . , Q1Q2 · · ·QMψ0 (5.7)
exhaust all the linearly independent degenerate states obtained from ψ0 by sequential
action of the supercharges.
Therefore, we have established the following:
Proposition 8. The zero energy state of H in (5.2) is either non-existent or 2M−1 fold
degenerate. While the excited states are 2M fold degenerate.
6 Models in between minimal and maximal dimen-
sions
In the previous sections, we provided three models of Zn2 -graded SQM. Depending the
choice of the Clifford algebra Cl(2m), the model has minimal (2n), next to the minimal
(2n+1) and maximal (22
n−1
) dimensions. In Table 1, we indicate the Clifford algebras used
in the previous sections for construction of the models for some small values of n.
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n minimal next maximal
2 Cl(2) Cl(2)
3 Cl(4) Cl(6)
4 Cl(6) Cl(8) Cl(10) Cl(12) Cl(14)
5 Cl(8) Cl(10) · · · Cl(28) Cl(30)
Table 1: Clifford algebras used for the models
When n = 2, there is no distinction between models of the minimal and the maximal
dimensions. For n = 3, there is no more Clifford algebras can be used for model building
between the minimal and the maximal dimensions. From n = 4, we see the existence of
more Clifford algebras which have not been used in the models of the minimal, next to the
minimal and the maximal dimensions. The constructions in the previous sections suggest
strongly that these Clifford algebras may be used to build models of various dimensions
in between the minimal and the maximal. Proving it for arbitrary n is highly non-trivial
problem and the problem is still open. Here we prove it for n = 4 by presenting such
models explicitly. We also present two more models for n = 5 in order to support the
anticipation.
The models presented in this section have the common structure. We order the parity
1 elements of Zn2 lexicographically:
For n = 4;
a1 = (0, 0, 0, 1), a2 = (0, 0, 1, 0), a3 = (0, 1, 0, 0), a4 = (1, 0, 0, 0),
a5 = (0, 1, 1, 1), a6 = (1, 0, 1, 1), a7 = (1, 1, 0, 1), a8 = (1, 1, 1, 0). (6.1)
For n = 5;
a1 = (0, 0, 0, 0, 1), a2 = (0, 0, 0, 1, 0), a3 = (0, 0, 1, 0, 0), a4 = (0, 1, 0, 0, 0),
a5 = (1, 0, 0, 0, 0), a6 = (0, 0, 1, 1, 1), a7 = (0, 1, 0, 1, 1), a8 = (1, 0, 0, 1, 1),
a9 = (0, 1, 1, 0, 1), a10 = (1, 0, 1, 0, 1), a11 = (1, 1, 0, 0, 1), a12 = (0, 1, 1, 1, 0),
a13 = (1, 0, 1, 1, 0), a14 = (1, 1, 0, 1, 0), a15 = (1, 1, 1, 0, 0), a16 = (1, 1, 1, 1, 1). (6.2)
We consider the realization of Zn2 -graded Poincare´ algebra by Cl(2m) of the following
form:
H = I2m ⊗ H, Qk := Qak = Gk ⊗ Q,
Zkℓ := Zakaℓ = (−i)1−ak·aℓGkGℓ ⊗ H (6.3)
where Gk ∈ Cl(2m).
Now we present models of Z42-graded SQM by Cl(12) and Cl(10).
Proposition 9. A 27 dimensional model of Z42-graded SQM is given by the following
choice of Gk ∈ Cl(12) :
G1 = γ1, G2 = γ2, G3 = γ3, G4 = γ4,
G5 = Γ1Γ2Γ3γ5, G6 = Γ1Γ2Γ4γ6, G7 = Γ2Γ5Γ6, G8 = γ1γ˜2γ˜3γ˜4 (6.4)
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where Γk = iγkγ˜k.
A 26 dimensional model of Z42-graded SQM is given by the Gk ∈ Cl(10) which has the
same form as (6.4) for k = 1, 2, . . . , 5 while
G6 = Γ3Γ5, G7 = γ˜1γ2γ˜3γ˜4, G8 = iγ2γ3γ4. (6.5)
Proof. Since the realization (6.4) has the same form as Proposition 7, the present propo-
sition can be proved in the same way as Proposition 7. Namely, it is enough to verify
the relations (5.5). Note that all G’s are taken to be hermitian and idempotent. Observe
that for Cl(12) (resp. Cl(10)), from G1 to G7 (resp. G6) are exactly same form as (5.3).
Therefore (5.5) has been verified for these G’s. By direct computation, one may easily
verify (5.5) for other G’s so we do not present the computational detail.
Proposition 9 completes the construction of a series of models of Z42-graded SQM in
Table 1. Thus we have proved the existence of models of Z42-graded SQM from the minimal
to the maximal dimensions.
In the Cl(10) model, G3G4 = γ3γ4 and G2G8 = iγ3γ4 so that Z34 and Z28 are linearly
dependent. On the other hand, one may verify from expressing GkGℓ in terms of γ’s that
all Z’s is linearly independent in Cl(12) model. Thus the Cl(12) model is the minimal
model in which all the central elements are linearly independent.
Let us turn to Z52-graded SQM by Cl(28) and Cl(26).
Proposition 10. A 215 dimensional model of Z52-graded SQM is given if Gk ∈ Cl(28) are
taken as follows:
Gj = γj (j = 1, . . . , 5), G6 = Γ1Γ2Γ3γ6, G7 = Γ1Γ2Γ4γ7,
G8 = Γ1Γ2Γ5γ8, G9 = Γ1Γ3Γ4Γ8γ9, G10 = Γ1Γ3Γ5Γ7γ10,
G11 = Γ1Γ4Γ5Γ6γ11, G12 = Γ2Γ3Γ4Γ8Γ10Γ11γ12, G13 = Γ2Γ3Γ5Γ7Γ9Γ11γ13,
G14 = Γ2Γ4Γ5Γ6Γ9Γ10γ14, G15 = Γ1Γ2
14∏
j=9
Γj, G16 =
5∏
j=1
γ˜j
8∏
k=6
γk. (6.6)
A 214 dimensional model of Z52-graded SQM is given if Gk ∈ Cl(26) are taken as follows:
from G1 to G13 and G16 are exactly same as (6.6), while
G14 = Γ1Γ3Γ7Γ8Γ11Γ12Γ13, G15 = γ3γ4γ5γ˜12γ˜13. (6.7)
Note that G1, G2, . . . , G15 in (6.6) have the same form as (5.3). All G’s in Proposition 10
are taken to be hermitian and idempotent.
Proof. The proposition is proved by verifying (5.5) by direct computation.
In the models of Proposition 10 all central elements are linearly independent. The
G’s in Proposition 10 are based on the ones in Proposition 7 where γk is assigned to Gk
except the GM . However, in Proposition 10 we have a smaller number of gamma matrices.
If we try to repeat the construction similar to Proposition 10 with the Clifford algebras
of smaller dimension, the realization of g(n) would be more difficult as we have a smaller
number of gamma matrices.
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7 Concluding remarks
We presented several models of Zn2 -graded SQM. All the models presented share the
common structure: a tensor product of the operators H,Q of the standard SQM and
the Clifford gamma matrices of various dimensions. Up to n = 4 we have shown the
existence of a sequence of models from the minimal to the maximal dimensions. For
n ≥ 5 it will be also true the existence of a sequence of models. Considering of the
models of various dimensions is made legitimate by linear independence of the central
elements of g(n). Use of the Clifford algebras of small dimension produce Zn2 -graded
SQMs where some of the central elements are realized as linearly dependent operators,
while the large dimensional Clifford algebras do Zn2 -graded SQMs where all the central
elements are linearly independent.
Although we have proved that the N = 1 SQM is possible to extend to a Zn2 -graded
setting, physical meanings of Zn2 -grading is unclear. We observed the existence of a se-
quence of models of Zn2 -graded SQM for a fixed value of n. Physical meaning of this
sequence is also unclear. One way to understand the Zn2 -graded SQM further would be
considering a Zn2 -graded classical mechanics. That is, try to find classical actions which
are invariant under Zn2 -graded supersymmetry transformation, then quantize the theory to
get the Zn2 -graded SQMs of the present work. Especially, the counterpart of the sequence
of Zn2 -graded SQM for a fixed n in classical mechanics will provide interesting information
about Zn2 -grading structure. To develop such Z
n
2 -graded classical mechanics the mathe-
matical theory of Zn2 -graded supermanifolds developed in [27–30] will be helpful. Another
way to understand meanings of Zn2 -grading is to consider multipartite systems. In the
present work, we restrict ourselves to a single particle system (see (2.12)). Multiparticle
extensions will be an urgent task for further developments.
Another interesting direction to study is Zn2 -graded SQM with N > 1 and conformal
extensions. In the case of Z22-graded SQM, these two extensions of N = 1 Z22-graded SQM
were done in [6] where the conformal extension was also given by taking a tensor product
of the Clifford gamma matrices and a model of standard superconformal mechanics. It is
an interesting question whether similar construction is possible for n > 2.
Finally, we comment a universality of Propositions 2, 5, 7, 9, 10. We assume in these
propositions that Q,H are given by (2.12) as we are interested in quantum mechanics.
However, this assumption is not needed. Q,H can be any representations (not necessary
quantum mechanical ones) of the standard supersymmety algebra. If we take a represen-
tation of Q,H different from (2.12), then σ3 in Proposition 2 should be replaced with S
such that {Q, S} = 0 since the proof of the propositions are independent of the explicit
form of Q,H.
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